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Abstract
Pfaffianization procedure due to Hirota and Ohta is applied to the two-dimensional Toda lattice.
As a result, a Pfaffianized version of the two-dimensional Toda lattice is found.
 2004 Elsevier Inc. All rights reserved.
In 1991, Hirota and Ohta [1,2] developed an effective procedure of what we now call
Pfaffianization, which allows one to produce new coupled systems of equations with solu-
tions in the form of Pfaffians. Recently, there has been growing interest in this direction. For
example, such a procedure has been successfully applied to the Davey–Stewartson equa-
tions [3], the discrete KP equation [4] and the self-dual Yang–Mills equation [5]. Besides,
the Pfaffianized KP hierarchies have been investigated in [6].
The purpose of this paper is to apply the procedure of Hirota and Ohta to the following
bilinear two-dimensional Toda lattice:
DxDsτn · τn = 2(eDn − 1)τn · τn, (1)
where the bilinear operators DxDs and exp(Dn) are defined by [7,8]
DxDsa · b ≡
(
∂
∂x
− ∂
∂x ′
)(
∂
∂s
− ∂
∂s′
)
a(x, s)b(x ′, s′)|x ′=x, s ′=s
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exp(Dn)an · bn ≡ an+1bn−1.
As a result, the Pfaffianized form of the two-dimensional Toda lattice is derived.
Before going into details, let us review one known result on the two-dimensional Toda
lattice (1). It is known that the two-dimensional Toda lattice (1) has the following solutions
expressed by Casorati determinant [2]:
τn =
∣∣∣∣∣∣∣∣
φ1(n) φ1(n + 1) · · · φ1(n + N − 1)
φ2(n) φ2(n + 1) · · · φ2(n + N − 1)
...
...
. . .
...
φN(n) φN(n + 1) · · · φN(n + N − 1)
∣∣∣∣∣∣∣∣
, (2)
where φi(m) satisfies the following relations:
∂φi(m)
∂x
= φi(m + 1), (3)
∂φi(m)
∂s
= −φi(m − 1). (4)
In order to Pfaffianize the two-dimensional Toda lattice, we require a Pfaffian with elements
satisfying the following relations:
∂
∂x
pf(i, j)n = pf(i + 1, j)n + pf(i, j + 1)n, (5)
∂
∂s
pf(i, j)n = −pf(i − 1, j)n − pf(i, j − 1)n, (6)
pf(i, j)n+1 = pf(i + 1, j + 1)n. (7)
It seems reasonable for us to call (5)–(7) the Pfaffianized form of the dispersion relations
(3) and (4) as (5)–(7) may be derived by means of (3) and (4) in the case of Wronski or
Casorati-type Pfaffian. Thus if we take
fn = pf(1,2, . . . ,N)n
with N being even, then we can calculate fn+1, fn−1, fn,x , fn,s and fn,xs as follows:
fn+1 = pf(2,3, . . . ,N,N + 1), fn−1 = pf(0,1, . . . ,N − 2,N − 1), (8)
fn,x = pf(1,2, . . . ,N − 1,N + 1), fn,s = −pf(0,2, . . . ,N − 1,N), (9)
fn,xs = −pf(1,2, . . . ,N − 1,N) − pf(0,2, . . . ,N − 1,N + 1), (10)
where we have denoted pf(1,2, . . . ,N −1,N) to be pf(1,2, . . . ,N −1,N)n for simplicity
without any confusion. Following the Hirota–Ohta’s procedure, we now introduce two new
variables gn and gˆn,
gn = pf(0,1, . . . ,N,N + 1)n, gˆn = pf(2,3, . . . ,N − 2,N − 1)n.
Then we can show that fn, gn and gˆn so defined satisfy the following three bilinear equa-
tions:
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Dxe
−1/2Dngn · fn = −Dse1/2Dngn · fn, (12)
Dxe
−1/2Dnfn · gˆn = −Dse1/2Dnfn · gˆn. (13)
In fact, substitution of (8)–(10) into (11) leads to the following Pfaffian identity [1,2]:
pf(a1, a2, . . . , aN−2, α,β, γ, δ)pf(a1, a2, . . . , aN−2)
− pf(a1, a2, . . . , aN−2, α,β)pf(a1, a2, . . . , aN−2, γ , δ)
+ pf(a1, a2, . . . , aN−2, α, γ )pf(a1, a2, . . . , aN−2, β, δ)
− pf(a1, a2, . . . , aN−2, α, δ)pf(a1, a2, . . . , aN−2, β, γ ) = 0, (14)
where the list {a1, a2, . . . , aN−2} is given by {2,3, . . . ,N − 1} and the list {α,β, γ, δ} is
chosen to be {0,1,N,N + 1}. Therefore Eq. (11) holds. On the other hand, we have
fn+1,x = pf(2,3, . . . ,N,N + 2), gn+1 = pf(1,2, . . . ,N + 1,N + 2), (15)
gn,x = pf(0,1, . . . ,N,N + 2), gn+1,s = −pf(0,2, . . . ,N + 1,N + 2). (16)
Substituting (15) and (16) into an equivalent form of Eq. (12),
Dxgn · fn+1 = −Dsgn+1 · fn, (17)
we can easily show that Eq. (17) is reduced to the following Pfaffian identity [1,2]:
pf(a1, a2, . . . , aN−1, α,β, γ )pf(a1, a2, . . . , aN−1, δ)
− pf(a1, a2, . . . , aN−1, α,β, δ)pf(a1, a2, . . . , aN−1, γ )
+ pf(a1, a2, . . . , aN−1, α, γ, δ)pf(a1, a2, . . . , aN−1, β)
− pf(a1, a2, . . . , aN−1, β, γ, δ)pf(a1, a2, . . . , aN−1, α) = 0, (18)
where the list {a1, a2, . . . , aN−1} represents {2,3, . . . ,N} and the list {α,β, γ, δ} is chosen
to be {0,1,N + 1,N + 2}. Thus, (12) holds. Similarly, we can prove that Eq. (13) also
holds. Therefore Eqs. (11)–(13) constitute Pfaffianized two-dimensional Toda lattice. If
we wish to consider solutions to this Pfaffianized two-dimensional Toda lattice (11)–(13),
then we may choose entries in the Pfaffian to be expressed in the form
pf(i, j)n =
M∑
k=1
[
Φk(n + i)Ψk(n + j) − Φk(n + j)Ψk(n + i)
]
,
where Φk(m) and Ψk(m) satisfy
∂
∂x
Φk(m) = Φk(m + 1), ∂
∂x
Ψk(m) = Ψk(m + 1), (19)
∂
∂s
Φk(m) = −Φk(m − 1), ∂
∂s
Ψk(m) = −Ψk(m − 1). (20)
By the dependent variable transformation
u(n) = lnfn, v(n) = gn/fn, w(n) = gˆn/fn,
we may transform the Pfaffianized two-dimensional Toda lattice (11)–(13) into
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vx(n) + vs(n + 1) + v(n + 1)
(
us(n + 1)− us(n)
)
− v(n)(ux(n + 1) − ux(n))= 0, (22)
ws(n) + wx(n + 1)+ w(n + 1)
(
ux(n + 1)− ux(n)
)
− w(n)(us(n + 1) − us(n))= 0. (23)
To summarize, in this paper, Hirota–Ohta’s Pfaffianization procedure has been utilized
to generate a Pfaffianized two-dimensional Toda lattice. Soliton solutions expressed by
Pfaffians to the Pfaffianized two-dimensional Toda lattice have been obtained. Since the
Pfaffianized two-dimensional Toda equations (11)–(13) are a coupled extension of the two-
dimensional Toda lattice, it is quite natural for us to see if the Pfaffianized two-dimensional
Toda lattice possesses some other integrable properties shared by the two-dimensional
Toda lattice (1). As we know, one of integrable properties shared by higher dimensional
integrable equations such as the two-dimensional Toda lattice (1) is existence of Lie sym-
metries with some arbitrary functions [9–20]. Let us now take a look at the Pfaffianized
two-dimensional Toda equations (11)–(13). From the definition of a symmetry given in
[21,22] , we find that (σn, τn, ρn)T is a symmetry of the system (11)–(13) if σn, τn, ρn
satisfy the following symmetry equations:
DxDsσn · fn = 2
(
cosh(Dn) − 1
)
σn · fn − 12 (τngˆn + gnρn), (24)
Dxe
−1/2Dn(τn · fn + gn · σn) = −Dse1/2Dn(τn · fn + gn · σn), (25)
Dxe
−1/2Dn(σn · gˆn + fn · ρn) = −Dse1/2Dn(σn · gˆn + fn · ρn). (26)
By some calculations, we have found the following Lie symmetries for the Pfaffianized
two-dimensional Toda equation (11)–(13):
σ (1)n =
(
h1(x)+ h2(s)
)
fn,
τ (1)n =
(
h1(x)+ h2(s)
)
gn,
ρ(1)n =
(
h1(x)+ h2(s)
)
gˆn;
σ (2)n =
(
h1(x)+ h2(s)
)
nfn,
τ (2)n =
(
h1(x)+ h2(s)
)
(n + 1)gn,
ρ(2)n =
(
h1(x)+ h2(s)
)
(n − 1)gˆn;
σ (3)n = h1(x)fn,x +
1
2
n2h˙1(x)fn + sh1(x)fn,
τ (3)n = h1(x)gn,x +
1
2
(n + 1)2h˙1(x)gn + sh1(x)gn,
ρ(3)n = h1(x)gˆn,x +
1
(n − 1)2h˙1(x)gˆn + sh1(x)gˆn;2
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1
2
n2h˙2(s)fn + xh2(s)fn,
τ (4)n = h2(s)gn,s +
1
2
(n − 1)2h˙2(s)gn + xh2(s)gn,
ρ(4)n = h2(s)gˆn,s +
1
2
(n + 1)2h˙2(s)gˆn + xh2(s)gˆn,
where h1(x) and h2(s) are two arbitrary functions of x and s, respectively, and
h˙i (t) = d
dt
hi(t).
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